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Two particles falling towards horizon

For some special value of angular momentum,
energy in the center-of-mass frame diverges
near extremal horizon

Iy

—_— =2 lh=-2(1+V2)
emem I = 1.8, 15 = —2(1 +V2)
_—— 1 =151 = —2(1+ V2)

r=ry=1++1-—a?

>a

—2(1+vV1+4+a)<li<2(l+V1—a)

—2(1+V1i+a)<l<2(l+vV1—-a)

M. Banados, J. Silk and S. M. West, Kerr Black Holes as Particle Accelerators to Arbitrarily
High Energy, Phys. Rev. Lett. 103, 111102

ligh 22028, [Liset XVIII Black hole Workshop 2Es



What Is crucial for generalization?

To understand whether it is a general property of black holes, let us consider generic
axially symmetric spacetime

d 2
ds? = —N?df + g,,,(dt — wdp)? + —— + goed6”.

A
4-velocity of the infalling particle in the Gamma-factor of relative motion of 2
equatorial plane is given by particles is given by
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generalization?

BSW effect holds for any axially symmetric spacetimes

This may happen for charged particles and
non-rotating spacetimes

Analogous phenomenon is observed when a
black hole is non-extremal (but particle has
to be nearly-critical).

What happens with the presence of a generic force? For other types of horizons?

Types of horizon: nonextremal, extremal (double), ultraextremal (triple, etc.)
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Setup for calculations

« \We assume that the spacetime is axially symmetric
2

ds* =-N°dt* +g,(d¢ - wdt)’ +d%+ g,d6°

« Moreover, particle is not in a free motion, thus its energy and angular momentum are
not constant and are assumed to be generic functions of radial coordinate

e As we are interested in the near-horizon collision, we assume that the metric functions
have such an expansion

N? = k0P + o(vP), A= A’ +o(v9),

Horizon is regular if

w=wg + (I)k’Uk + ...+ d)l_lvl_l -+ wl(g)vl + O(Ul)’
P—_W} /> p

k>

2

Ga = Jar + Ga1v + 0(v).
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What we aim to find

Central aim of several our works was to find:
For what types of particles and for what horizons does the high-energy collision effect
survive while the forces, acting on such particles, remain finite?

« 1-st case: equatorial motion
In this case, the 4 Y (X L oX \/KP,O).

velocity is given by ﬁ’g_(er N2%N

: : L2
Now, X is not a constant and is X=¢—owl, P— . /x2—-N2 (1 4+ _)
defined by the external force e

As it is not a constant, we assume that
near the horizon X behaves as
X~ X,
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Types of particles

Near-horizon limit; N—-0A—-O0

_JA
N

u usual
r
If u
changes slower than /A subcritical
but faster than N A
N
f ‘ur ~vA
critical

if faster than \ A ultracritical



TABLE I.  Characteristics of the near-horizon behavior of u", u’, X', and the proper time z. Here, the proper time
changes as 7 ~ v™%. The value @ = 0 means that the proper time logarithmically diverges 7~ |Inv|.

Type c f s a=c—1
I Usual =L p 0 g=p=2
2 Subcritical TP <<t 2 _ 294c,0<s<Z ep2 o o <92
3 Critical 3 £ - ) g2 }
4 Ultracritical c>1 Z - 0> 222




BSW effect and types of particles

By analysing the gamma-factor for various Y. X, — P, P
types of particles, we obtained such table y = 2 5 2 ik :
of possible scenarios N oo

TABLE II. The possibility of BSW phenomenon for different types of particles. D means that the gamma factor
diverges, and R means that it is regular.

First particle Second particle d Y

| Usual Usual 0 R

2 Usual Subcritical Sy D
3 Subcritical Subcritical |s1 — 52| Dif s; # 5,
R if §S1 =8

- Usual or subcritical Critical or ultracritical p/2 — s D

S Critical or ultracritical Critical or ultracritical 0 R

Thus, generally, BSW is possible if one particle is non-usual (while second is usual or subcritical)

What happens with the presence of a generic force? For other types of horizons?
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Results for the finite force

TABLE IV. Classification of near-horizon trajectories for different k regions for ¢ > 2 (ultraextremal horizon).
H The fourth solution in (64) is not presented in this table. Definitions of different k regions are given in Fig. 1.
Non-regular horizon
k Region n, Range c Type of trajectory
0<k<ib "4 P—4q 1, region I, Stationa'ry metric ' ' '
1 For any type of trajectory, n; is negative (forces diverge)
2 2k+—"_22_2” <n <LL-1+k m+1+p/2-k Subcritical
P4, <k« p+1—gq/2 region 11 M=t 14k /2 Critical
2 2 ’ ’ ng =521+ k and (28) Any ¢ >4 Ultracritical
/ max(0, q_Z_Z”) <n < 2k + @ w Subcritical
+1-g/2 _ 2% B iy
L <k < r , region 111, k< m <fP-ltk m 14 p/2 =k Suberitical
2 2 n, =Lr_] + k q/2 Critical
n =5 — 1 + k and (28) Any ¢ > 1 Ultracritical
k> p/2, region IV. ax(0,9°52) < p, <42 2n+24q Subcritical
n, = ‘TTZ q/2 Critical
D Iverg | ng fo rce ny = ‘T =2 and (28) Any ¢ > ‘—27 Ultracritical
Static metric
k=0 Same results as in IV for stationary metric

TABLE VI. Classification of \pear-horizon trajectories for
different k regions for ¢ < 2 (noNextremal horizon). Regions
II and III in this case are absent, so they are not presented in this
table. The fourth solution in (64) is ¥lso not presented in this

Classification of near-horizon trajectories for different k regions for ¢ = 2 (extemal horizon). Regions
is case are absent, so they are not presented in this table. The fourth solution in (64) is also not

table. Definitions of different k regions\are given in Fig. 1. presented in thiNable. Definitions of different k regions are given in Fig. 1.
k Region n; Range c \ Type of trajectory k RegiON n; Range c Type of trajectory
Stationary metric \ Stationary metric

1 I and TV For any type of trajectory, 1 I For any type of trajectory, n, is negative (forces diverge)
n; is negative (forces diverge) 2 v n =0 1 Critical
Static metric n; = 0 and (28) Any ¢ > 1 Ultracritical

2 k=0 For any type of trajectory, Static metric
n; is negative (forces diverge) 3 k=0 Same results as in IV for stationary metric
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Results for the finite force

TABLE VIII. Classification of cases when forces are finite for
different types of horizons and trajectories.

Type of horizon Type of trajectory Region of k
1  Nonextremal All types Absent
2 Extremal Subcritical Absent
Critical k>p/2ork=0
Ultracritical
3  Ultraextremal Subcritical k>%24+1or k=0
Critical
Ultracritical

Force remains finite only
for extremal and
ultraextremal horizons

However, there is a serious
drawback: usually, for
critical particles the
proper time diverges

We were able to prove that for any non-usual particle with the finite proper time either the

force is infinite, or the horizon is non regular.

Thus, for all the cases when the BSW effect is possible, proper time of reaching the
horizon diverges (kinematic censorship). Is there any way that allows bypassing this

issue?
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Kinematic censorship

In any event only finite
energy can be released.

It can be unbounded but It
cannot be literally infinite.
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Nonequatorial motion

The scenarios of high energy particle
collisions, found previously in the
context of the BSW effect for equatorial
motion, do not change qualitatively In
the nonequatorial case
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General approach

Near-fine-tuned particles
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Near-fine-tuned particles

Original BSW: extremal BH horizon
Nonextremal BH: critical particle cannot reach
horizon Is BSW possible?

Yes! To this end, has to consider near-fine-
tuned particle

X =6+ X,v° +o(v?), s>0,
where s1s some small parameter

Thus we have two small parameters: and the
point of collision v,
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Near-fine-tuned particles

Thus we have two small parameters: § and the point of collision v,

The case 6<<v, effectively
corresponds to subcritical,
critical and ultracritical
particles

X + X,v° + o(v?),

The case 6>>v, effectively
corresponds to usual particles

X =6 +| X v+ o(v?),

The case 6 of order of v,
gives new results

X o+

X v°

+ O(US)7

Of the same order
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Classification of particles

TABLE I. Table showing classification of different near-fine-

tuned particles. Thus, we have two small
parameters: § and the point
Type of particle of collision v,

Condition with nonzero ¢ < 1 Abbreviation

s < p/2 Near subcritical NSC

s=p/2 Near critical NC

s = p/2 and (24) Near ultracritical NUC

s> p/2 Near overcritical NOC

Near subcritical (NSC) - X tends to 6, but with the rate, smaller than N
Near critical (NC) - X tends to 6 with the same rate as N

Near ultracritical (NUC) - X tends to é with the same rate as N, but several first terms
in the expansion of P cancel

y _ . L2
Near overcritical (NOC) - X tends to 6 with P—.lX2— Nz( )

the rate, higher than N. o g_
PP
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Gamma-factor

TABLE II. Table showing behavior of y factor for v, ~

near-fine-tuned. Here d is defined by relation y ~ v;¢.

v, 1n a case when first particle is fine-tuned and second 1s

First particle Second particle

BSW is possible

1 Uor SC NSC S| — $o| or |s; — ry| if 6, = —xPps 4+ By .
2 Cor UC NSC B—s,orf—r, if(52:—X£2) ;—I—BS-)'UC
3 U or SC NC, NUC, or NOC L—s
4 C or UC NC, NUC, or NOC 0

BSW is impossible
TABLEIII. Table showing behavior of y factor for v, ~ v, in a case when both particles are near-fine-tuned. Here

d is defined by relation y ~ v;4.

First particle Second particle

BSW is possible

| NSC NSC |s1 — 52|
|r1 — 82| lf 51 = —X( ) S +B(1)
s, — ry] if 8 = —XPvs + BPwr
|11 = 1o if 815 = —X{"Pvg + B Ay
2 NSC NC, NUC, or NOC L_y,
3 NC, NUC, or NOC NC, NUC, or NOC 0
BSW is impossible
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Finiteness of force

TABLE IV. Classification of near-horizon trajectories for different k regions for g > 2 (ultraextremal horizon).

The fourth solution in (108) is not presented in this table. Non‘regl"ar hOfIZOI’]

k region n; range s Type of trajectory pP—q
0< k<T+ 1, region I,

Stationary metric

| I For any type of trajectory n, is negative (forces diverge)
2 IT and 111 max (0,52 —1) <n; <k+LL-1 First and second in (108) NSC 1 /2
e G - i p pP—q P —q .
n {I\_jL 57— 1 Second ?n (108) NC and NOC 1T1<k< , region I,
n =k+ 1—2’— —1 and (24) Second in (108) NUC 2 2
3 v max (O‘%ﬂ — l) <n < 5%2 First in (108) NSC
— 92 irst i
n 7_ > Ffrsl !n (108) NC p + 1— 6]/2 <k p . I
ny =42 and (24) First in (108) NUC 5 = < PR region 11,
92 < py <k+ p | First and second in (108) NOC
. Static metrig ' k> p/z’ region V.
4 k=0 Same results as in IV for stationary metric NSC, NC, and NUC
n > y;_Z Third in (108) NOC

Diverging force

TABLE V. Classification of near-horizon trajectories for different k regions for ¢ = 2 (ultraextremal horizon). The fourth solution in
(108) is not presented in this table.

k region n; range s Type of trajectory
Stationary metric 1IN
1 I For any type of trajectory n, is negative (forces diverge) FI n Ite fo rce
2 v =0 Tirst i (108) NC
n; =0 and (24) First in (108) NUC H 1 _
0<n <k+ y_ge -1 First and second in (108) NOC Thls part was absent for flne

e tuned particles!
TABLE VI. Classification of near-horizon trajectories for different k regions for g < 2 (ultraextremal horizon). The fourth solution in
(108) is not presented in this table.

k region n; range s Type of trajectory,
Stationary metric
1 ] P o F traiec s necative <
2 v 0<n <k +% -1 First and second in (108) NOC
Static metric
3 k=0 0<n Third in (108) NOC
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Finiteness of force

TABLE VII. Classification of cases when forces are finite for
different types of horizons and trajectories.

Type of horizon Type of trajectory Region of k
I Nonextremal NOC IV or static
2 Extremal NC, NUC, pnd|NOC IV or static
3 Ultraextremal |NSC, NC, NUC,|and|NOC [I, III, IV, or static
— —
/ \
May achieve infinity Cannot achieve infinity

Also, for such particles the proper time is large, but finite!

18/12/2025 Lisbon 20

XVIII Black hole Workshop



Finiteness of force

Type of horizon 1-st particle’s type and range 2-nd particles’s type and range
Extremal NC, NUC, NOC  |v, < o{?|81 > vB/*|NC, NUC|ve > 08} | 65 < 2
U
U c, uc Original BSW
Ultraextremal |NSC, NC, NUC, NOC|v, < vi7 |61 > oF?| NSC  |ve > o3| 6y < v
U
U e
NSC, NC, NUC, NOC|v, > ol |61 < oF/?] NSC  |v. > 07| 65 < v
e
e e
NSC ve < 0| 813 v [NC, NUC|v, > v0’)| 62 < 8/
U
U c, uc
NSC ve > v})| 8, < v |NC, NUC|v, > v | 8y < b/
e
sC c, uc
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Finiteness of force

Type of horizon 1-st particle’s type and range 2-nd particle’s type and range W|de Var|ety Of Var|0us
Non-extremal NOC Yo & 'vzm d1 > B2 NOC Ve 'Uz(z) g ~ 2/’ (89) Casesl

U

Extremal  |NC, NUC, NOC|v, < v{?|61 > o#/*|NC, NUC, NOC| v ~ v{7 | 85 ~ 02/*|(89)
U

Ultraextremal NSC ve < v} 61> g NSC v~ 0oy | Oy~ vl |(83)
U

NSC ve v | 6y~ vg NSC Ve ~ 057 | 8y~ v |(91)

NSC  |oe> ol 6y < vs NSC v ~ 0] | 8y ~ 2 |(83)
sC

NSC ve € v} 81> v |NC, NUC, NOC| v, ~ v | 85 ~ /% | (89)
U

NSC ve ~ vi} | 81~ |NC, NUC, NOC| v, ~v{) | 8, ~ 2% | (92)

NSC ve~vl) | B ~vi | NC,NUC v, > vi?|8 < o2/ (85)

c,uc

NSC ve > v)| 81 < v |NC, NUC, NOC| v, ~ v | 85 ~ oE/*|(89)
sc

NC, NUC, NOC|v, < v |81 > v2/*|NC, NUC, NOC| v, ~ v | 6, ~ v2/*| (89)
U
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Summary

Possible set of high energy scenarios
with finite force depending on type

of horizons and trajectories of
colliding particles

Validity of kinematic censorship
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Thank you for your attention!
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