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NMCWCG: The Model

The Weyl connection introduces a vector field that provides non-metricity
properties:

Dλgµν = Aλgµν ,

where Aλ is the Weyl vector field and Dλgµν = ∇λgµν − ¯̄Γρµλgρν − ¯̄Γρνλgρµ.

The generalized Ricci tensor is given by:

R̄µν = Rµν +
1
2
AµAν +

1
2
gµν (∇λ − Aλ)Aλ + F̃µν +

1
2
(∇µAν +∇νAµ)︸ ︷︷ ︸

¯̄Rµν

,

where F̃µν = ∂µAν − ∂νAµ is the strength tensor of the Weyl field.
The scalar curvature is given by:

R̄ = R+ 3∇λAλ − 3
2
AλAλ︸ ︷︷ ︸

¯̄R

.
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NMCWCG: The Model

Non-minimal matter–curvature coupling model, with Weyl connection,
considering action functional:

S =

∫ (
f1(R̄) + f2(R̄)L

)√
−gd4x,

where f1(R̄) and f2(R̄) are generic functions of the scalar curvature.

Varying the action with respect to the vector field, we obtain the constraint-like
equations:

∇λΘ(R̄) = −AλΘ(R̄),

where Θ(R̄) = F1(R̄) + F2(R̄)L and Fi(R̄) = dfi(R̄)
dR̄ , i ∈ {1, 2}.

Varying the action with respect to the metric, we obtain the field equations:

R̄(µν)Θ(R̄)− 1
2
gµνf1(R̄) =

f2(R̄)
2

Tµν .
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NMCWCG: The Model

It is possible to derive a non-conservation law for energy–momentum tensor:

∇µTµν=
2

f2(R̄)

[
F2(R̄)

2
(gµνL−Tµν)∇µR+∇µ(Θ(R̄)Bµν)−

1
2
(F1(R̄)gµν+F2(R̄)Tµν)∇µ

¯̄R

]
,

where Bµν = 3
2A

µAν + 3
2g

µν(∇λ − Aλ)Aλ.

• A generalization of the coupling can result in an extra force in the geodesic
equation;

• Non-metricity also plays a significant role, introducing further contributions
to the exchange between geometry and matter sectors.
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Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

θ̇ = − 1
3
θ2 − 2σ2 + 2ω2 − Rµνu

µuν ,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by σ2 = σµνσ

µν/2 and ω2 = ωµνω
µν/2.

Non-metricity effects:
Qαµν = Dαgµν ̸= 0

• The affine connection is no longer metric-compatible;
• Expansion, shear and vorticity acquire geometric corrections;
• The Raychaudhuri equation contains additional terms depending on Qαµν

and its contractions.

Schematically:

θ̇ =
(
GR terms

)
+

(
non-metricity contributions

)

© Margarida Lima 7



Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

θ̇ = − 1
3
θ2 − 2σ2 + 2ω2 − Rµνu

µuν ,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by σ2 = σµνσ

µν/2 and ω2 = ωµνω
µν/2.

Non-metricity effects:
Qαµν = Dαgµν ̸= 0

• The affine connection is no longer metric-compatible;
• Expansion, shear and vorticity acquire geometric corrections;
• The Raychaudhuri equation contains additional terms depending on Qαµν

and its contractions.

Schematically:

θ̇ =
(
GR terms

)
+

(
non-metricity contributions

)

© Margarida Lima 7



Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

θ̇ = − 1
3
θ2 − 2σ2 + 2ω2 − Rµνu

µuν ,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by σ2 = σµνσ

µν/2 and ω2 = ωµνω
µν/2.

Non-metricity effects:
Qαµν = Dαgµν ̸= 0

• The affine connection is no longer metric-compatible;

• Expansion, shear and vorticity acquire geometric corrections;
• The Raychaudhuri equation contains additional terms depending on Qαµν

and its contractions.

Schematically:

θ̇ =
(
GR terms

)
+

(
non-metricity contributions

)

© Margarida Lima 7



Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

θ̇ = − 1
3
θ2 − 2σ2 + 2ω2 − Rµνu

µuν ,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by σ2 = σµνσ

µν/2 and ω2 = ωµνω
µν/2.

Non-metricity effects:
Qαµν = Dαgµν ̸= 0

• The affine connection is no longer metric-compatible;
• Expansion, shear and vorticity acquire geometric corrections;

• The Raychaudhuri equation contains additional terms depending on Qαµν

and its contractions.

Schematically:

θ̇ =
(
GR terms

)
+

(
non-metricity contributions

)

© Margarida Lima 7



Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

θ̇ = − 1
3
θ2 − 2σ2 + 2ω2 − Rµνu

µuν ,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by σ2 = σµνσ

µν/2 and ω2 = ωµνω
µν/2.

Non-metricity effects:
Qαµν = Dαgµν ̸= 0

• The affine connection is no longer metric-compatible;
• Expansion, shear and vorticity acquire geometric corrections;
• The Raychaudhuri equation contains additional terms depending on Qαµν

and its contractions.

Schematically:

θ̇ =
(
GR terms

)
+

(
non-metricity contributions

)

© Margarida Lima 7



Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

θ̇ = − 1
3
θ2 − 2σ2 + 2ω2 − Rµνu

µuν ,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by σ2 = σµνσ

µν/2 and ω2 = ωµνω
µν/2.

Non-metricity effects:
Qαµν = Dαgµν ̸= 0

• The affine connection is no longer metric-compatible;
• Expansion, shear and vorticity acquire geometric corrections;
• The Raychaudhuri equation contains additional terms depending on Qαµν

and its contractions.

Schematically:

θ̇ =
(
GR terms

)
+

(
non-metricity contributions

)
© Margarida Lima 7



Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

Further implications of non-metricity:

• The magnitude of the 4-velocity vector is no longer preserved,
uµuµ = −ℓ2 = −ϕ(xα);

• Due to non-metricity, contractions with the metric do not commute with co-
variant derivatives. In particular, the divergence of the velocity field may not
be uniquely defined,

Dµu
µ ̸= Dµuµ.

The Case of Pure Weyl Non-Metricity:

˙̄θ =
1
2
θ̄2 − 2σ2 + 2ω2 − R̄µνu

µuν ,

[Iosifidis, Tsagas & Petkou (2018)]

where θ̄ =
(
θ − 2 ℓ̇

ℓ

)
and R̄µν = Rµν + ¯̄Rµν .
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Raychaudhuri Equation in NMCWCG Impact of the Model

In general, considering non-metricity properties:

θ̇ = −
1
3
θ2 − R̄µνu

µuν − 2σ2 + 2ω2 + hµνDνaµ +
1
ℓ2

aµAµ −
1
ℓ2

(aµu
µ)· −

2θ
3ℓ2

aµu
µ

+
2

3ℓ4
(aµu

µ)2 +
2
ℓ2

aµξ
µ − ˙̃Qµuµ +

1
3

(
θ +

1
ℓ2

aνuν
)
(Qµ − Q̃µ)u

µ − Qµνλ(σ
µν + ωµν)uλ

−
1
ℓ2

Qµνλu
µuν(aλ+ξλ)+Qµνλu

µσνλ+
1
ℓ2

Qµνλ(u
µξν+aµuν)uλ+uµuνDλQµνλ+Qµ

λβQβλνu
µuν

[Iosifidis, Tsagas & Petkou (2018)]
where aµ = uλDλuµ, Aµ = uλDλu

µ, ξµ = uνDµuν , Qµ = Qµν
ν , and Q̃µ = Qν

νµ.

• ThegeneralizedRaychaudhuri equation contains additional termsarising from
non-metricity of the connection;

• Several terms depend explicitly on the ordering of indices; raising and lower-
ing indices does not commute due to non-metricity;

• Covariant derivatives acting on tensorsmust be treated carefully, as different
contractions lead to inequivalent contributions;

• In NMCWCG, the non-conservation of energy–momentum tensor induces ex-
tra force terms, sourced by non-metricity and non-minimal coupling.
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Conclusion

• Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;

• The non-metricity in Non-Minimally CoupledWeyl Connection Gravity plays a
dynamical role, modifying both the gravitational sector and the evolution of
congruences;

• The non-conservation of the energy–momentum tensor leads to extra force
terms, which yield clear imprints on the generalized Raychaudhuri equation;

• The generalized Raychaudhuri equation reformulates energy conditions be-
yond metric compatibility;

• The resulting geometrical constraints allow constraints on theory’s param-
eters and assess its physical viability.

© Margarida Lima 10



Conclusion

• Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;

• The non-metricity in Non-Minimally CoupledWeyl Connection Gravity plays a
dynamical role, modifying both the gravitational sector and the evolution of
congruences;

• The non-conservation of the energy–momentum tensor leads to extra force
terms, which yield clear imprints on the generalized Raychaudhuri equation;

• The generalized Raychaudhuri equation reformulates energy conditions be-
yond metric compatibility;

• The resulting geometrical constraints allow constraints on theory’s param-
eters and assess its physical viability.

© Margarida Lima 10



Conclusion

• Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;

• The non-metricity in Non-Minimally CoupledWeyl Connection Gravity plays a
dynamical role, modifying both the gravitational sector and the evolution of
congruences;

• The non-conservation of the energy–momentum tensor leads to extra force
terms, which yield clear imprints on the generalized Raychaudhuri equation;

• The generalized Raychaudhuri equation reformulates energy conditions be-
yond metric compatibility;

• The resulting geometrical constraints allow constraints on theory’s param-
eters and assess its physical viability.

© Margarida Lima 10



Conclusion

• Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;

• The non-metricity in Non-Minimally CoupledWeyl Connection Gravity plays a
dynamical role, modifying both the gravitational sector and the evolution of
congruences;

• The non-conservation of the energy–momentum tensor leads to extra force
terms, which yield clear imprints on the generalized Raychaudhuri equation;

• The generalized Raychaudhuri equation reformulates energy conditions be-
yond metric compatibility;

• The resulting geometrical constraints allow constraints on theory’s param-
eters and assess its physical viability.

© Margarida Lima 10



Conclusion

• Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;

• The non-metricity in Non-Minimally CoupledWeyl Connection Gravity plays a
dynamical role, modifying both the gravitational sector and the evolution of
congruences;

• The non-conservation of the energy–momentum tensor leads to extra force
terms, which yield clear imprints on the generalized Raychaudhuri equation;

• The generalized Raychaudhuri equation reformulates energy conditions be-
yond metric compatibility;

• The resulting geometrical constraints allow constraints on theory’s param-
eters and assess its physical viability.

© Margarida Lima 10



Thank You for Your Attention!

Margarida Lima
CAMGSD-IST, University of Lisbon & Okeanos, University of the Azores

margarida.a.lima@tecnico.ulisboa.pt

Presented at the XVIII Blach Hole Workshop, Lisbon, Portugal.


	Modified Gravity Theories
	Non-Minimally Coupled Weyl Connection Gravity (NMCWCG)
	The Model

	Raychaudhuri Equation in NMCWCG
	Impact of the Non-Metricity
	Impact of the Model

	Conclusion

