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NMCWCG: The Model

The Weyl connection introduces a vector field that provides non-metricity
properties:

Dxguv = Axguv,
where A, is the Weyl vector field and Dy g, = VAGur — IEZAng = Fg>\gp,u~
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where F,, = 8,A, — d,A, is the strength tensor of the Weyl field.
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NMCWCG: The Model

The Weyl connection introduces a vector field that provides non-metricity
properties:

DAGuv = AxGpuv,
where A} is the Weyl vector field and Dxgu., = Vg, — Fii)\gpu = Fﬁkgw.

The generalized Ricci tensor is given by:

= 1 1 = 1
Rul/ - Ry,u + EAHAV + Eg;,u/ (V)\ - A)\)AA + Ful/ + E (VHAV + VVAM)7

Ruw

where F,, = 8,A, — d,A, is the strength tensor of the Weyl field.
The scalar curvature is given by:

R=R+3V, A" — gAAA* :
N e
R
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NMCWCG: The Model

Non-minimal matter—curvature coupling model, with Weyl connection,
considering action functional:

s= [ (R +R(R)L) v =gd',

where f1(R) and f,(R) are generic functions of the scalar curvature.
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Non-minimal matter—curvature coupling model, with Weyl connection,
considering action functional:

S— / (f1(R) + f(R)L) \/—gd*x,
where f1(R) and f,(R) are generic functions of the scalar curvature.

Varying the action with respect to the vector field, we obtain the constraint-like
equations:

VAO(R) = —AO(R),

where ©(R) = F1(R) + F2(R)£ and Fi(R) = %8 j e {1,2}.
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NMCWCG: The Model

Non-minimal matter—curvature coupling model, with Weyl connection,
considering action functional:

s= [ (R +R(R)L) v =gd',

where f1(R) and f,(R) are generic functions of the scalar curvature.

Varying the action with respect to the vector field, we obtain the constraint-like
equations:

VAO(R) = —AO(R),

where O(R) = F1(R) + F2(R)L and Fi(R) = %2,

Varying the action with respect to the metric, we obtain the field equations:

f2(R)
2

_ 1 _
Run©(R) = 59ufi(R) = Thv
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NMCWCG: The Model

It is possible to derive a non-conservation law for energy—momentum tensor:

2

f2(R) FZ(R) (9" L~ T“”)VuR+Vu(@(R)B“”)—*(F (R)g"* +F2(R)T*)V R,

VT = s

where B = SA*A” 4 39 (Vx — Ay)AN.
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NMCWCG: The Model

It is possible to derive a non-conservation law for energy—momentum tensor:

2

() EoR) (g 715, R v (ORIB™ )~ (PR +EaRITH) .,

VT = s

where B = SA*A” 4 39 (Vx — Ay)AN.

e A generalization of the coupling can result in an extra force in the geodesic
equation;
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NMCWCG: The Model

It is possible to derive a non-conservation law for energy—momentum tensor:

=l FoR) (g 79 RV W ORIB™ )~ (Fr R +EaRITH) R

where B = SA*A” 4 39 (Vx — Ay)AN.

e A generalization of the coupling can result in an extra force in the geodesic
equation;

e Non-metricity also plays a significant role, introducing further contributions
to the exchange between geometry and matter sectors.
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Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

0= —%6‘2 — 202+ 207 — R uru”,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by 02 = 7,0 /2 and w? = w,,w"" /2.
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Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

General Relativity:

0= —%6‘2 — 202+ 207 — R uru”,

where the quadratic invariants of the shear and vorticity tensors are given,
respectively, by 02 = 7,0 /2 and w? = w,,w"" /2.

Non-metricity effects:
Qauu = Daguu # 0

e The affine connection is no longer metric-compatible;
e Expansion, shear and vorticity acquire geometric corrections;

e The Raychaudhuri equation contains additional terms depending on Q..
and its contractions.

Schematically:

0= (GR terms) + (non-metricity contributions)
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Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

Further implications of non-metricity:
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Further implications of non-metricity:

e The magnitude of the 4-velocity vector is no longer preserved,
utu, = —0 = —p(z®);
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Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

Further implications of non-metricity:

e The magnitude of the 4-velocity vector is no longer preserved,
wuy = —£ = —¢(z®);

e Due to non-metricity, contractions with the metric do not commute with co-
variant derivatives. In particular, the divergence of the velocity field may not
be uniquely defined,

D,u* # D*uy,.
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Raychaudhuri Equation in NMCWCG Impact of the Non-Metricity

Further implications of non-metricity:

e The magnitude of the 4-velocity vector is no longer preserved,
wuy = —£ = —¢(z®);

e Due to non-metricity, contractions with the metric do not commute with co-
variant derivatives. In particular, the divergence of the velocity field may not
be uniquely defined,

D,u* # D*uy,.

The Case of Pure Weyl Non-Metricity:

é: %52 — 202+ 207 — I_?m,u”u",

[losifidis, Tsagas & Petkou (2018)]
where § = (6’ - 2§> andR,, =R, + Iz?w.
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Raychaudhuri Equation in NMCWCG Impact of the Model

In general, considering non-metricity properties:

: 1 = 1 1
0 = —=6% — Ruu'u? — 202 + 2w? + W*Dyay, + —a, AP — e—z(auu“)' -

2
3 2 32!

2 5 1 1 o
+ 7(‘1#““) + *awfﬂ Q;/,UH + § ('9 + ﬁauuy) (QH - QM)UM — QMV)\(O'P’V +w"”)u’\
:
—— Quuautu” (e ) +Quuauta” + 5 Quua (U € +ar u” Jutut v’ DX Qpuy x+Qu P Qpa utu

ZZ
[losifidis, Tsagas & Petkou (2018)]
where a, = u)‘D,\uH,A“ = ’u)‘D,\u“’, 6;; = UUDHUU, O,u = O,uuyy and Qll - Qu1/”~
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: 1 = 1 1
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2
3 2 32!
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where a, = UAD,\’LLH,A'u = ’u)‘D,\u“’, 6;; = UUDHUM O,u = O,uuyy and Qll - QV1/”~

e The generalized Raychaudhuri equation contains additional terms arising from
non-metricity of the connection;
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Raychaudhuri Equation in NMCWCG Impact of the Model

In general, considering non-metricity properties:

: 1 = 1 1 2
0= —502 — Ruputu? — 202 + 2w? + W*Dya,, + ﬁaHAu — e—z(auu“)' ~ 3w

2 ; 1 1 -
b ooV + Do Q] (e + Z—zauu") (Qu — Q) — Qo (o™ +w Y

:
— 2 Quaut e (@) + Quurut o + 5 Qu (Ut € 4ak u” Jultut u? D2 Qo+, Qpautu

[losifidis, Tsagas & Petkou (2018)]
where a, = UAD,\’LLH,A'u = ’LLAD,\’LLH, 6;; = ,LLI/D;J.,UI/I Q,u = Q,uuyy and Qll - QVI/,,L'

e The generalized Raychaudhuri equation contains additional terms arising from
non-metricity of the connection;

e Several terms depend explicitly on the ordering of indices; raising and lower-
ing indices does not commute due to non-metricity;
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7 3z

2 % 1 1 ~
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e Covariant derivatives acting on tensors must be treated carefully, as different
contractions lead to inequivalent contributions;
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Raychaudhuri Equation in NMCWCG Impact of the Model

In general, considering non-metricity properties:

-

. 1 - 1 1
0 = _502 — Rupufu? — 202 4 202 + h*Dya, + —a, AP — 72 (@) =

2
7 3z

2 ; 1 1 -
+—4%W)+;%@ wW+§@+ﬁwuyw—@mW—meW+www

o,mu“u"(a +H)+HQuaut e 5 ow(u*‘s ot u? Jutut u” DA Qpuya+Qu N Qan, ut u
. [losifidis, Tsagas & Petkou (2018)]

J

where a,, = u*Dyu,, A* = u*Dru*, &, = u’D,u,, Q. = Q,,",and Q" = OF wome

e The generalized Raychaudhuri equation contains additional terms arising from
non-metricity of the connection;

e Several terms depend explicitly on the ordering of indices; raising and lower-
ing indices does not commute due to non-metricity;

e Covariant derivatives acting on tensors must be treated carefully, as different
contractions lead to inequivalent contributions;

e InNMCWCG, the non-conservation of energy—momentum tensor induces ex-
tra force terms, sourced by non-metricity and non-minimal coupling.
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Conclusion

e Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;
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Conclusion

e Raychaudhuri’s equation is purely geometrical by nature, making it a natural
and powerful tool to probe modified geometric structures of spacetime;

e The non-metricity in Non-Minimally Coupled Weyl Connection Gravity plays a
dynamical role, modifying both the gravitational sector and the evolution of
congruences;

e The non-conservation of the energy—momentum tensor leads to extra force
terms, which yield clear imprints on the generalized Raychaudhuri equation;

e The generalized Raychaudhuri equation reformulates energy conditions be-
yond metric compatibility;

e The resulting geometrical constraints allow constraints on theory’s param-
eters and assess its physical viability.
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