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The flavour sector of the NHDM can be parametrised in terms of diagonal eigenvalue and unitary 
mixing matrices.

The number of physical parameters is consistent with previous ways of looking at flavour physics.

Flavour Invariants can be used to describe the flavour sector of the NHDM in a basis invariant way.
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Flavour Invariants

The same decomposition of the mass matrices Md, Mu, can be done to the 
other Yukawa matrices, Ndk, Nuk,

Ndk = UdLkEdkUdRk
† , Edk = 𝑑𝑖𝑎𝑔 nd1k, nd2k, nd3k ,

Nuk = UuLkEukUuRk
† , Euk = 𝑑𝑖𝑎𝑔 nu1k, nu2k, nu3k .

Relevant mixing matrices, akin to the CKM matrix, that encode the flavour 
changing neutral couplings (FCNC) of the model, can be computed

CdLk = VdL
† UdLk, CdRk = VdR

† UdRk, CuLk = VuL
† UuLk, CuRk = VuR

† UuRk,

simplifying the Lagrangian

−ℒY = dLDddR + uLDuuR +
H0

v
dLDddR + uLDuuR +

Rk
v

dL𝑪𝒅𝑳𝒌𝑬𝒅𝒌𝑪𝒅𝑹𝒌
† dR + uL𝑪𝒖𝑳𝒌𝑬𝒖𝒌𝑪𝒖𝑹𝒌

† uR

+ 𝑖
Ik
v

dL𝑪𝒅𝑳𝒌𝑬𝒅𝒌𝑪𝒅𝑹𝒌
† dR − uL𝑪𝒖𝑳𝒌𝑬𝒖𝒌𝑪𝒖𝑹𝒌

† uR +

2
Hk
+

v
uL𝑉𝑪𝒅𝑳𝒌𝑬𝒅𝒌𝑪𝒅𝑹𝒌

† dR − uR𝑪𝒖𝑹𝒌𝑬𝒖𝒌𝑪𝒖𝑳𝒌
† VdL + h. c. ,

and allowing for the interpretation of the interaction between the quarks and 
the ℋk scalar doublets as a series of bases in which the interaction would be 
diagonal, and unitary mixing matrices CdLk, CdRk, CuLk, CuRk that go from the 
mass basis to those diagonal basis.

−ℒ𝑌 = 𝑄𝐿Γ𝑘Φ𝑘𝑛𝑅 + 𝑄𝐿Δ𝑘 ෩Φ𝑘𝑝𝑅 + ℎ. 𝑐., QL =
pL
nL

, 𝑘 = {1, … , 𝑁},

Rotating the scalar doublets to the Charged Higgs Basis, by a matrix 𝒮, they 
can be parametrised as

ℋ0

⋮
ℋN−1

= 𝒮
Φ1

⋮
ΦN

,

Md

Nd1

⋮
NdN−1

= v𝒮

Γ1
Γ2
⋮
ΓN

,

Mu

Nu1

⋮
NuN−1

= v𝒮

Δ1
Δ2
⋮
ΔN

,

ℋ0 =
G+

1

2
v + H0 + iG0

, ℋk =
Hk
+

1

2
Rk + iIk

, 𝑘 = {1, … , 𝑁 − 1}.

The quark fields can also be rotated into their mass basis,

nL = VdLdL, nR = VdRdR, pL = VuLuL, pR = VuRuR, 𝑉 = VuL
† VdL,

Md = VdLDdVdR
† , Dd = diag md, ms, mb , Mu = VuLDuVuR

† , Du = diag mu, mc, mt ,

where V is the CKM matrix, such that the Lagrangian becomes[1]

−ℒY = dLDddR + uLDuuR +
H0

v
dLDddR + uLDuuR +

Rk
v

dLVdL
† NdkVdRdR + uLVuL

† NukVuRuR + 𝑖
Ik
v

dLVdL
† NdkVdRdR − uLVuL

† NukVuRuR +

2
Hk
+

v
uLVuL

† NdkVdRdR − uRVuR
† Nuk

† VdLdL + h. c. .

Looking at the decomposition of the mass matrix Md in detail,

Md = VdLDdVdR
† =

1, 𝛼1
dL, 𝛼2

dL 𝑹23
dL −𝛿dL, 1,1 𝑹13

dL 𝛿dL, 1,1 𝑹12
dL 𝛼3

dL, 𝛼4
dL, 𝛼5

dL diag md, ms, mb

−𝛼3
dR, −𝛼4

dR, −𝛼5
dR 𝑹−23

dR −𝛿dR, 1,1 𝑹−13
dR 𝛿dR, 1,1 𝑹−12

dR 1,−𝛼1
dR, −𝛼2

dR ,

the phases 𝛼3
dL and 𝛼3

dR only appear in the combination 𝛼3
dL − 𝛼3

dR, and likewise 
for 𝛼4 and 𝛼5. Therefore, one of each can be chosen as an arbitrary 
parameter. It is convenient to choose the left phases as arbitrary, both in 
the down and up sectors. Then, looking at the CKM matrix in detail,

𝑉 = VuL
† VdL =

−𝛼3
dR, −𝛼4

dR, −𝛼5
dR 𝑹−23

dR −𝛿dR, 1,1 𝑹−13
dR 𝛿dR, 1,1 𝑹−12

dR 1,−𝛼1
dR, −𝛼2

dR

1, 𝛼1
dL, 𝛼2

dL 𝑹23
dL −𝛿dL, 1,1 𝑹13

dL 𝛿dL, 1,1 𝑹12
dL 𝛼3

dL, 𝛼4
dL, 𝛼5

dL =

−𝛼3
dR, −𝛼4

dR, −𝛼5
dR 1, 𝛼1, 𝛼2 𝑹23 −𝛿, 1,1 𝑹13 𝛿, 1,1 𝑹12 𝛼3, 𝛼4, 𝛼5 𝛼3

dL, 𝛼4
dL, 𝛼5

dL .

The arbitrary phases can be used to cancel the outer phases, leaving the CKM 
matrix with 1 phase, 𝜹. The same reasoning can be applied to the 𝑪𝒅𝑳𝒌, 𝑪𝒅𝑹𝒌,
𝑪𝒖𝑳𝒌, and 𝑪𝒖𝑹𝒌, matrices, whose results are summarised in the following table.

Matrix Magnitudes Phases

𝑫𝒖/𝑫𝒅 3 0

𝑬𝒖k/𝑬𝒅k 3 0

𝑽 3 1

𝑪𝒖𝑳𝒌/𝑪𝒅𝑳𝒌 3 3

𝑪𝒖𝑹𝒌/𝑪𝒅𝑹𝒌 3 6

In the SM, hermitian matrices can be defined and the following flavour 
invariants

Hu = MuMu
†, Hd = MdMd

†,

I1
0 = Tr Hu , I2

0 = Tr Hu
2 , I3

0 = Tr Hu
3 ,

I4
0 = Tr Hd , I5

0 = Tr Hd
2 , I6

0 = Tr Hd
3 ,

I7
0 = Tr HuHd , I8

0 = Tr Hu
2Hd , I9

0 = Tr HuHd
2 , I10

0 = Tr Hu
2Hd

2 ,

form a basis for the parameter space of the flavour sector[2]. In the NHDM it 
is useful to further define

Juk = NukNuk
† , Jdk = NdkNdk

† , Au = Mu
†Mu, Ad = Md

†Md, Buk = Nuk
† Nuk,

Bdk = Ndk
† Ndk, Fuk = MuNuk

† , Fdk = MdNdk
† , Guk = NukMu

†, Gdk = NdkMd
†,

and a basis for the flavour sector of the NHDM can be given by the SM 
flavour invariants, plus the invariants given below,

I1
k = Tr Juk , I2

k = Tr Juk
2 , I3

k = Tr Juk
3 ,

I4
k = Tr Jdk , I5

k = Tr Jdk
2 , I6

k = Tr Jdk
3 ,

I7
k = Tr HuJuk , I8

k = Tr Hu
2Juk , I9

k = Tr HuJuk
2 , I10

k = Tr Hu
2Juk
2 ,

I11
k = Tr HdJdk , I12

k = Tr Hd
2Jdk , I13

k = Tr HdJdk
2 , I14

k = Tr Hd
2Jdk
2 ,

I15
k = Tr AuBuk , I16

k = Tr Au
2Buk , I17

k = Tr AuBuk
2 , I18

k = Tr Au
2Buk

2 ,

I19
k = Tr AdBdk , I20

k = Tr Ad
2Bdk , I21

k = Tr AdBdk
2 , I22

k = Tr Ad
2Bdk

2 ,

I23
k = Tr JukHd , I24

k = Tr Juk
2 Hd , I25

k = Tr JdkHu , I26
k = Tr Jdk

2 Hu ,

I27
k =

1

2
Tr FukFdk + Tr GdkGuk , I28

k =
1

2i
Tr FukFdk − Tr GdkGuk ,

I29
k =

1

2
Tr HuFukFdk + Tr GdkGukHu , I30

k =
1

2i
Tr HuFukFdk − Tr GdkGukHu ,

I31
k =

1

2
Tr HdFdkFuk + Tr GukGdkHd , I32

k =
1

2i
Tr HdFdkFuk − Tr GukGdkHd ,

I33
k =

1

2
Tr FukJukFdk + Tr GdkJukGuk , I34

k =
1

2i
Tr FukJukFdk − Tr GdkJukGuk ,

I35
k =

1

2
Tr FdkJdkFuk + Tr GukJdkGdk , I36

k =
1

2i
Tr FdkJdkFuk − Tr GukJdkGdk .
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